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Mixed Morrey spaces and their applications
to partial differential equations
Maria Alessandra Ragusa ∗ & Andrea Scapellato †
Abstract
In this paper, new classes of functions are defined. These spaces generalize Morrey spaces and
give a refinement of Lebesgue spaces. Some embeddings between these new classes are also proved.
Finally, the authors apply these classes of functions to obtain regularity results for solutions of
partial differential equations of parabolic type.
1 Introduction
This paper aims at defining new spaces and to study some embeddings between them. We will
refer to them with the symbol Lq,µ(0, T, Lp,λ(IRn)). As applications we obtain some estimates, in
these classes of functions, for the solutions of partial differential equations of parabolic type in
nondivergence form. Preparatory to achieving these results is the study of the behaviour of Hardy-
Littlewood Maximal function, Riesz potential, Sharp and Fractional maximal functions, Singular
integral operators with Caldero´n-Zygmund kernel and Commutators (see e.g. [22] [23]).
We stress that are obtained results, known in Lp, in a new class of functions that can be view
as an extension of the Morrey class introduced in 1966 in [17], and used by a lot of authors, see e.g.
in [3], recently in [24], [20], [12], [13], [14] and others.
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2 Mixed Morrey spaces
Let us point out that in doing this we need an extension to Lq,µ(0, T, Lp,λ(IRn)) of a celebrated in-
equality of Fefferman and Stein (see [10]) concerning the Sharp and the Maximal function (Theorem
4.5) and, also, we study the behaviour of Riesz potential in the new class of functions, obtaining
an extension of both a known estimate originally proved by Adams in [1] as well as of a result
announced by Peetre in [19].
2 Definitions and Preliminary Tools
In the sequel let T > 0 and Ω be a bounded open set of IRn such that ∃A > 0 : ∀x ∈ Ω and
0 ≤ ρ ≤ diam (Ω), |Q(x, ρ) ∩ Ω| ≥ Aρn, being Q(x, ρ) a cube centered in x, having edges parallel
to the coordinate axes and lenght 2ρ.
Definition 2.1 Let 1<p<+∞, 0<λ<n and f be a real measurable function defined in Ω ⊂ IRn.
If |f |p is summable in Ω and the set described by the quantity
1
ρλ
∫
Ω∩Bρ(x)
|f(y)|p dy, (2.1)
when changing of ρ in ]0, diamΩ[ and x ∈ Ω, has an upper bound, then we say that f belongs to
the Morrey Space Lp,λ(Ω).
If f ∈ Lp,λ(Ω), we define
‖f‖p
Lp,λ(Ω) := sup
x∈Ω
ρ>0
1
ρλ
∫
Ω∩Bρ(x)
|f(y)|p dy (2.2)
and the vector space naturally associated to the set of functions in Lp(Ω) such that (2.2) is finite,
endowed with the norm (2.2), is a normed and complete space.
The exponent λ can take values that are not belonging to ]0, n[ but the unique cases of real interest
are that one for which λ ∈]0, n[.
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The above defined spaces are used, among others, in the theory of regular solutions to nonlinear
partial differential equations and for the study of local behavior of solutions to nonlinear equations
and systems (see e.g. [17], [18]).
Remark 2.1. Similarly we can define the Morrey space in Lp,λ(IRn) as the space of functions such
that is finite:
‖f‖p
Lp,λ(IRn) := sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f(y)|p dy. (2.3)
Definition 2.2. Let 1 < p, q < +∞, 0 < λ, µ < n. We define the set Lq,µ(0, T, Lp,λ(Ω)) as the
class of functions f such that is finite:
‖f‖Lq,µ(0,T,Lp,λ(Ω)) :=

 sup
t0,t∈(0,T )
ρ>0
1
ρµ
∫
(0,T )∩(t0−ρ,t0+ρ)

sup
x∈Ω
ρ>0
1
ρλ
∫
Ω∩Bρ(x)
|f(y, t)|p dy


q
p
dt


1
q
, (2.4)
with obvious modifications if Ω = IRn.
Definition 2.3 Let f be a locally integrable function defined on IRn. We say that f is in the space
BMO(IRn) (see [15]) if
sup
B⊂IRn
1
|B|
∫
B
|f(y)− fB|dy <∞
where B runs over the class of all balls in IRn and fB =
1
|B|
∫
B
f(y)dy.
Let f ∈ BMO(IRn) and r > 0. We define the VMO modulus of f by the rule
η(r) = sup
ρ≤r
1
|Bρ|
∫
Bρ
|f(y)− fBρ|dy
where Bρ is a ball with radius ρ, ρ ≤ r.
BMO is a Banach space with the norm ‖f‖∗ = supr>0 η(r).
4 Mixed Morrey spaces
Definition 2.4 We say that a function f ∈BMO is in the Sarason class VMO(IRn) (see [25]) if
lim
r→0+
η(r) = 0.
Definition 2.5 Let Σ the unit sphere: Σ = {x ∈ IRn+1, |x| = 1}.
The function k : IRn+1\{0} → IR is the classical Caldero´n-Zygmund kernel if:
1) k ∈ C∞(IRn+1\{0});
2)k(µx1, µx2, . . . , µxn, µ
2t) = µ−(n+2) k(x), for each µ > 0;
3)
∫
Σ |k(x)| d σx <∞ and
∫
Σ k(x) d σx = 0.
The above definition, in particular condition 2), suggest to endow IRn+1 with a metric, different
to the standard Euclidean one. Thus let us consider, as Fabes and Rivie´re in the celebrated paper
[9], the following distance d(x, y) = ρ(x− y) between two generic points x, y ∈ IR+1n (used e.g. in
[2]),
ρ(x) =
√√√√ |x′|2 +√|x′|4 + 4t2
2
, x = (x′, t) = (x′1, . . . , x
′
n, t) ∈ IR
n+1, (2.5)
Then IRn+1, endowed with this metric, is a metric space.
Definition 2.6 The function k(x, y) : IRn+1 × IRn+1\{0} → IR is a variable Caldero´n-Zygmund
kernel if:
1) k(x, ·) is a kernel in the sense of the above Definition 2.5, for a.e. x ∈ IRn+1
2) supρ(y)=1
∣∣∣∣( ∂∂y
)β
k(x, y)
∣∣∣∣ ≤ c(β), for every multi-index β, independently of x.
Next Proposition is proved in [21] (see also [4] or [16]), it is useful to recall the statement and the
technique used in the proof, because will inspire us to techniques contained therein, for subsequent
results.
Maria Alessandra Ragusa and Andrea Scapellato 5
Proposition 2.1. If 1 < q < p <∞, 0 < λ < µ < n, q = (n−µ) p
(n−λ)
. The following embedding is true
Lp,λ(Ω) ⊂ Lq,µ(Ω). (2.6)
Proof. Applying Ho¨lder inequality, we have
∫
Ω∩Bρ(x)
|f |q(y)dy ≤
(∫
Ω∩Bρ(x)
|f |q·
p
q (y)dy
)q
p
· |Bρ|
1− q
p = C
(∫
Ω∩Bρ(x)
|f |p(y)dy
)q
p
·ρn·(1−
q
p
)= (2.7)
= Cρn·(1−
q
p
) ·
(
1
ρλ
∫
Ω∩Bρ(x)
|f |p(y)dy
)q
p
· ρλ·
q
p ≤ (2.8)
≤ Cρn−n·
q
p
+λ· q
p · ‖f‖Lp,λ(Ω) = (2.9)
= Cρµ · ‖f‖q
Lp,λ(Ω); (2.10)
then we obtain
1
ρµ
∫
Ω∩Bρ(x)
|f |q(y)dy ≤ C · ‖f‖q
Lp,λ(Ω), (2.11)
where
µ = n − n ·
q
p
+ λ ·
q
p
and, obviously, we have
n − µ
n − λ
=
q
p
and the conclusion follows.
Remark 2.2. It is possible to extend the previous result considering 1 ≤ q ≤ p <∞ and 0 ≤λ, µ< n
such that n−µ
q
≥ n−λ
p
.
6 Mixed Morrey spaces
3 Embedding Results
Theorem 3.1. Let 1 < p < +∞, 0 < λ < n, 1 < q < q1 < ∞, 0 < µ1 < µ < 1 and q =
(1−µ) q1
(1−µ1)
,
we have
Lq1,µ1(0, T, Lp,λ(Ω)) ⊂ Lq,µ(0, T, Lp,λ(Ω)). (3.1)
Proof. Let us suppose that f ∈ Lq1,µ1(0, T, Lp,λ(Ω)), then is finite

 sup
t0∈(0,T )
ρ>0
1
ρµ1
∫
(0,T )∩(t0−ρ,t0+ρ)

sup
x∈Ω
ρ>0
1
ρλ
∫
Ω∩Bρ(x)
|f(y, t)|p dy


q1
p
dt


1
q1
. (3.2)
Let us set t ∈ (0, T ) and apply Ho¨lder inequality
∫
(0,T )∩(t0−ρ,t0+ρ)

sup
x∈Ω
ρ>0
1
ρλ
∫
Ω∩Bρ(x)
|f(y, t)|p dy


q
p
dt ≤ (3.3)
≤


∫
(0,T )∩(t0−ρ,t0+ρ)

sup
x∈Ω
ρ>0
1
ρλ
∫
Ω∩Bρ(x)
|f(y, t)|p dy


q
p
·
q1
q
dt


q
q1
|(0, T ) ∩ (t0 − ρ; t0 + ρ)|
1− q
q1 == (3.4)
= C


∫
(0,T )∩(t0−ρ,t0+ρ)

sup
x∈Ω
ρ>0
1
ρλ
∫
Ω∩Bρ(x)
|f(y, t)|p dy


q
p
·
q1
q
dt


q
q1
· ρ
(1− q
q1
)
== (3.5)
= Cρ
(1− q
q1
)

 1ρµ1
∫
(0,T )∩(t0−ρ,t0+ρ)

sup
x∈Ω
ρ>0
1
ρλ
∫
Ω∩Bρ(x)
|f(y, t)|p dy


q1
p
dt


q
q1
· ρ
µ1·
q
q1 = (3.6)
= C‖f‖q
Lq1,µ1(0,T,L
p,λ(Ω))
· ρ
1− q
q1
+µ1·
q
q1 . (3.7)
Let
µ = 1 −
q
q1
+ µ1 ·
q
q1
= 1 − (1 − µ1)
q
q1
, (3.8)
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1 − µ
1 − µ1
=
q
q1
; (3.9)
it follows, as request, that
q =
(1− µ)q1
1 − µ1
, (3.10)
and the proof is complete.
Remark 3.2. It is possible to extend the previous result considering 1 < q ≤ q1 < ∞, 0 < µ1 ≤
µ < 1 or 1 < µ1 ≤ µ < n and
1 − µ
q
≥
1 − µ1
q1
. (3.11)
Theorem 3.3. Let 1 < q < p <∞, 0 < λ < µ < n, q = (n−µ) p
(n−λ)
, 1 < q2 < q1 <∞, 0 < µ1 < µ2 <
1 or 1 < µ1 < µ2 < n and q2 =
(1− µ2)q1
(1−µ1)
, we have
Lq1,µ1(0, T, Lp,λ(Ω)) ⊂ Lq2,µ2(0, T, Lq,µ(Ω)). (3.12)
Proof. Let us set t ∈ (0, T ). If 1 < q < p <∞, 0 < λ < µ < n and q = (n−µ) p
(n−λ)
, we have, from
Proposition 2.1,
1
ρµ
∫
Ω∩Bρ(x)
|f |q(y, t)dy ≤ C

sup
x∈Ω
ρ>0
1
ρλ
∫
Ω∩Bρ(x)
|f |q·
p
q (y, t)dy


q
p
. (3.13)
Let us fix t0 ∈ (0, T ), then, integrating in (0, T ) ∩ (t0 − ρ, t0 + ρ), we have
∫
(0,T )∩(t0−ρ,t0+ρ)

sup
x∈Ω
ρ>0
1
ρµ
∫
Ω∩Bρ(x)
|f |q(y, t)dy


1
q
·q2
dt ≤ (3.14)
≤ C
∫
(0,T )∩(t0−ρ,t0+ρ)

sup
x∈Ω
ρ>0
1
ρλ
∫
Ω∩Bρ(x)
|f |q·
p
q (y, t)dy


1
p
·q2
dt ≤ (3.15)
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applying Ho¨lder inequality, we have
≤ C


∫
(0,T )∩(t0−ρ,t0+ρ)

sup
x∈Ω
ρ>0
1
ρλ
∫
Ω∩Bρ(x)
|f |p(y, t)dy


q2
p
·
q1
q2
dt


q2
q1
· ρ
1−
q2
q1 = (3.16)
= C

 1ρµ1
∫
(0,T )∩(t0−ρ,t0+ρ)

sup
x∈Ω
ρ>0
1
ρλ
∫
Ω∩Bρ(x)
|f |p(y, t)dy


q1
p
dt


q2
q1
· ρ
1−
q2
q1
+µ1·
q2
q1 = (3.17)
= C‖f‖q2
Lq1,µ1 (0,T,Lp,λ(Ω)) · ρ
µ2 (3.18)
where
µ2 = 1 − (1 − µ1) ·
q2
q1
, (3.19)
then
1 − µ2
1 − µ1
=
q2
q1
; (3.20)
it follows
q2 =
(1− µ2)q1
(1 − µ1)
. (3.21)
Then, we obtain

 1ρµ2
∫
(0,T )∩(t0−ρ,t0+ρ)

sup
x∈Ω
ρ>0
1
ρµ
∫
Ω∩Bρ(x)
|f |q(y, t)dy


q2
q
dt


1
q2
≤ C‖f‖Lq1,µ1 (0,T,Lp,λ(Ω)) (3.22)
and, finally
‖f‖Lq2,µ2 (0,T,Lq,µ(Ω)) ≤ C ‖f‖Lq1,µ1 (0,T,Lp,λ(Ω)). (3.23)
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Remark 3.4. It is possible to extend the previous result considering 1 < q ≤ p <∞, 0 < λ ≤ µ <
n, 1 < q2 ≤ q1 <∞, 0 < µ1 ≤ µ2 < 1 or 1 < µ2 ≤ µ1 < n and
n − µ
q
≥
n − λ
p
;
1 − µ2
q2
≥
1 − µ1
q1
. (3.24)
4 Main Results
4.1 Estimate of some integral operators
Let f ∈ L1loc(IR
n) and recall the following Hardy-Littlewood maximal function
M f (x) = sup
ρ> 0
1
|Bρ(x)|
∫
Bρ(x)
|f(y)| dy (4.1)
where Bρ(x) is a ball centered at x and with radius ρ.
Proposition 4. 1. Let 1 < p < +∞, 0 < λ < n. Then
‖M f‖
Lp,λ(IRn) ≤ C ‖f‖Lp,λ(IRn) (4.2)
where C is independent of f.
Let us now extend the previous result as follows.
Theorem 4.1. Let 1 < p < +∞, 0 < λ < n, 1 < q′ < +∞, 0 < µ < 1 or 1 < µ < n and
f ∈ Lq
′,µ(0, T, Lp,λ(IRn)). Then,
‖M f‖
Lq
′,µ(0,T,Lp,λ(IRn)) ≤ C ‖f‖Lq′,µ(0,T,Lp,λ(IRn)). (4.3)
Proof. Let t ∈ (0, T ). From [10] (Lemma 1, pg.111), we have
∫
IRn
|M f(y, t)|pχ(y) dy ≤ c
∫
IRn
| f(y, t)|p(M χ)(y) dy (4.4)
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for any function f and χ the characteristic function of a ball Bρ(x) ⊂ IR
n, being the constant c
independent of f. Then
∫
Bρ(x)
|M f(y, t)|p dy ≤
∫
B2 ρ(x)
|f(y, t)|p(M χ(y))dy +
+∞∑
k=1
∫
B
2k+1 ρ\B
2kρ
(x)
|f(y, t)|p(M χ(y)) dy (4.5)
it follows
1
ρλ
∫
Bρ(x)
|M f(y, t)|p dy ≤
≤ C
1
(2ρ)λ
∫
B2 ρ(x)
|f(y, t)|p(M χ(y)) dy + C
+∞∑
k=1
1
(2k+1ρ)λ
∫
B
2k+1 ρ
(x)
|f(y, t)|p(M χ(y)) dy, (4.6)
using the method applied in [5] and considering the supremum for x ∈ IRn and ρ > 0. Let us fix
t0 ∈ (0, T ), then, elevating to
q′
p
, integrating in (0, T ) ∩ (t0 − ρ, t0 + ρ) and multiplying for ρ
−µ, we
obtain
1
ρµ
∫
(0,T )∩(t0−ρ,t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|M f(y, t)|p dy


q′
p
dt ≤ (4.7)
≤ C
1
ρµ
∫
(0,T )∩(t0−ρ,t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f(y, t)|p dy


q′
p
dt (4.8)
taking the supremum, in both sides, for t0 ∈ (0, T ) and ρ > 0, we obtain

 supt0∈(0,T )
ρ>0
1
ρµ
∫
(0,T )∩(t0−ρ,t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|M f(y, t)|p dy


q′
p
dt


1
q′
≤ (4.9)
≤

 supt0,t∈(0,T )
ρ>0
1
ρµ
∫
(0,T )∩(t0−ρ,t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
| f(y, t)|p dy


q′
p
dt


1
q′
(4.10)
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or, equivalently
‖M f‖
Lq
′,µ(0,T,Lp,λ(IRn)) ≤ C ‖f‖Lq′,µ(0,T,Lp,λ(IRn)). (4.11)
As application of this result we prove some estimates of the Riesz potential in Lq,µ(0, T, Lp,λ(IRn))
spaces.
Let us set t ∈ (0, T ) and consider, for 0 < α < n, the fractional integral operator of order α,
Iαf(x, t) =
∫
IRn
f(y, t)
|x − y|n−α
dy, a.e. in IRn. (4.12)
Theorem 4.2. Let 0 < α < n, 1 < p < n
α,
, 0 < λ < n − α p, 1
q
= 1
p
− α
n−λ
1 < q′ < +∞,
0 < µ′ < 1 and f ∈ Lq
′,µ′(0, T, Lp,λ(IRn)). Then,
‖Iα f‖Lq′,µ′ (0,T,Lq,λ(IRn)) ≤ C ‖f‖Lq′,µ′ (0,T,Lp,λ(IRn)). (4.13)
Proof. Let us fix x ∈ IRn, t0 ∈ (0, T ) and f ∈ L
q′,µ′(0, T, Lp,λ(IRn)). Then, set t ∈ (0, T ),
(Iαf)(x, t) =
∫
|x−y|≤ǫ
f(y, t)
|x − y|n−α
dy +
∫
|x−y|>ǫ
f(y, t)
|x − y|n−α
dy = I1 + I2, (4.14)
estimating separately each integral I1 and I2, as in [1] (Theorem 3.1) or [5] (Theorem 2), we obtain
|Iαf |(x, t) ≤ C(Mf)
n−λ−αp
n−λ (x) ·

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f(y, t)|pdy


1
p
· αp
n−λ
, (4.15)
recalling that n−λ−αp
n−λ
= p
q
, elevating to the power q, integrating in Bρ(x) and multiplying to ρ
−λ,
we have
1
ρλ
∫
Bρ(x)
|Iα f (y, t)|
qdy ≤
1
ρλ
∫
Bρ(x)
(Mf)p(y, t) ·

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f(y, t)|pdy


αq
n−λ
dy ≤ (4.16)
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applying Theorem 4.1, and observing that α q
n−λ
+ 1 = q
p
,
≤ C

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f(y, t)|pdy


αq
n−λ
·

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f(y, t)|pdy

 = (4.17)
= C

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f(y, t)|pdy


q
p
, (4.18)
then
1
ρλ
∫
Bρ(x)
|Iα f (y, t)|
qdy ≤ C

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f(y, t)|pdy


q
p
, (4.19)
considering the supremum for x ∈ IRn and ρ > 0 and elevating both member to 1
q

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|Iα f (y, t)|
qdy


1
q
≤ C

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f(y, t)|pdy


1
p
. (4.20)
Now, elevating to q′, integrating in (0, T ) ∩ (t0 − ρ, t0 + ρ) and multiplying to ρ
−µ, we have
1
ρµ
∫
(0,T )∩(t0−ρ,t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|Iα f (y, t)|
qdy


q′
q
dt ≤ (4.21)
≤ C
1
ρµ
∫
(0,T )∩(t0−ρ,t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f(y, t)|pdy


q′
p
dt, (4.22)
taking the supremum for t0 ∈ (0, T ), ρ > 0, we have
sup
t0∈(0,T )
ρ>0
1
ρµ
∫
(0,T )∩(t0−ρ,t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|Iα f (y, t)|
qdy


q′
q
dt ≤ (4.23)
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≤ C sup
t0∈(0,T )
ρ>0
1
ρµ
∫
(0,T )∩(t0−ρ,t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f(y, t)|pdy


q′
p
dt. (4.24)
Finally, elevating to 1
q′
we have
‖Iα f‖Lq′,µ′ (0,T,Lq,λ(IRn)) ≤ C ‖f‖Lq′,µ′ (0,T,Lp,λ(IRn)). (4.25)
Corollary 4.3. Let 0 < α < n, 1 < p < n
α,
, 0 < λ < n − α p. Let us also set 1 < q < p
such that 1
q
= 1
p
− α
n
, λ < µ < n such that µ = nλ
(n−αp)
, 1 < q′ < +∞, 0 < µ′ < 1 and
f ∈ Lq
′,µ′(0, T, Lp,λ(IRn)). Then,
‖Iα f‖Lq′,µ′ (0,T,Lq,µ(IRn)) ≤ C ‖f‖Lq′,µ′ (0,T,Lp,λ(IRn)). (4.26)
where C is independent of f.
Proof. Let us fix x ∈ IRn and t ∈ (0, T ). From Corollary in [5], we have

 sup
x∈IRn
ρ> 0
1
ρµ
∫
Bρ(x)
|Iα f (y, t)|
qdy


1
q
≤ C

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f(y, t)|pdy


1
p
, (4.27)
elevating to q′, fixing t0 ∈ (0, T ), integrating in (0, T ) ∩ (t0 − ρ, t0 + ρ) and multiplying for ρ
−µ′ ,

 supt0∈(0,T )
ρ>0
1
ρµ
′
∫
(0,T )∩(t0−ρ,t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|Iα f (y, t)|
qdy


q′
q
dt


1
q′
≤ (4.28)
≤ C

 supt0∈(0,T )
ρ>0
1
ρµ
′
∫
(0,T )∩(t0−ρ,t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f(y, t)|pdy


q′
p
dt


1
q′
(4.29)
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that is
‖Iα f‖Lq′,µ′ (0,T,Lq,µ(IRn)) ≤ C ‖f‖Lq′,µ′ (0,T,Lp,λ(IRn)). (4.30)
One more application of the technique used in the proof of Theorem 4.1 is the following result,
where we set T a convolution singular integral operator T = k ∗ f, where k is an usual Caldero´n-
Zygmund kernel, studied by Coifman and Fefferman in [6].
Theorem 4.4. Let 1 < p <∞, 0 < λ < n 1 < q′ < +∞, 0 < µ′ < 1 and f ∈ Lq
′,µ′(0, T, Lp,λ(IRn)).
Then,
‖T f‖
Lq
′,µ′(0,T,Lq,λ(IRn)) ≤ C ‖f‖Lq′,µ′ (0,T,Lp,λ(IRn)). (4.31)
Proof. Let us fix x ∈ IRn, t ∈ (0, T ), f ∈ Lq
′,µ′(0, T, Lp,λ(IRn)) and χ the characteristic function
of a ball Bρ(x). Then, from a result by Coifman and Rochberg (see [7] pg.251),M(Mχ)
γ ≤ c (Mχ)γ ,
then (Mχ)γ is a A1 weight.
It follows, from a result contained in [6], that
∫
Bρ(x)
|T f(y, t)|p dy ≤
∫
IRn
|T f(y, t)|p(M χ(y))γdy ≤ C
∫
IRn
|f(y, t)|p(M χ(y))γ dy, (4.32)
estimating the last term following the lines of the proof of Theorem 4.1, we get the conclusion.
Before we prove the next results we need to consider two variants of the Hardy-Littlewood
maximal operator, that are the Sharp Maximal function and the Fractional maximal functions (see
e. g. [8]).
Definition 4.1 Given f ∈ L1loc(IR
n) let us define the following Sharp Maximal function
f ♯(x) = sup
B⊃{x}
1
|B|
∫
B
|f(y) − fB| dy, (4.33)
for a.e. x ∈ IRn, where B is a generic ball in IRn.
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Definition 4.2 Set t ∈ (0, T ), f ∈ L1loc(IR
n) and 0 < η < 1. Let us define the Fractional Maximal
function
(Mηf)(x) = sup
B⊃{x}
1
|B|1− η
∫
B
|f(y, t) − fB| dy, (4.34)
for a.e. x ∈ IRn, where B is a generic ball in IRn.
The next Theorem is a generalization of a well known inequality by Fefferman and Stein, see
[10], pg. 153.
Theorem 4.5. Let 1 < p, q <∞, 0 < λ, µ < n and f ∈ Lq,µ(0, T, Lp,λ(IRn)).
Then, there exists a constant C ≥ 0 independent of f such that
‖M f‖
Lq,µ(0,T,Lp,λ(IRn)) ≤ C ‖f
♯‖
Lq,µ(0,T,Lp,λ(IRn)). (4.35)
Proof. Let us fix x ∈ IRn, t ∈ (0, T ). Let us also consider ρ > 0, γ ∈]λ
n
; 1[, χ = χBρ(x), ∀x ∈ IR
n
the characteristic function of a ball Bρ(x). We know that (Mχ)
γ ∈ A1 and, from [11] pg. 410, we
have
∫
IRn
(M f)p(y, t)ω(y)dy ≤ C
∫
IRn
|f ♯(y, t)|pω(y) dy, ∀ω ∈ A∞, ∀f ∈ L
p
ω(IR
n) (4.36)
where Lpω(IR
n) is the Lp space with respect to the measure dµ = ω dx. We can use this inequality
because f ∈ Lp,λ(IRn) implies f ∈ Lp(Mχ)γ (IR
n) (see the calculation in [5] pg. 275).
Choosing ω(y) = (Mχ)γ(y), we have, from [8] pg.327,
∫
Bρ(x)
(M f)p(y, t)dy ≤
∫
IRn
(M f)p(y, t)(M χ)γ(y)dy ≤ (4.37)
≤ C ·
∫
IRn
|f ♯(y, t)|p(M χ)γ(y) dy ≤ Cρλ sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f ♯(y, t)|p dy, ∀f ∈ Lpω(IR
n) (4.38)
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then
1
ρλ
∫
Bρ(x)
(M f)p(y, t)dy ≤ C sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f ♯(y, t)|p dy, ∀f ∈ Lpω(IR
n) (4.39)
and, taking the supremum for x ∈ IRn and ρ > 0 we have
sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
(M f)p(y, t)dy ≤ C sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f ♯(y, t)|p dy, (4.40)
set t0 ∈ (0, T ), elevating to
q
p
, integrating in (0, T )∩ (t0−ρ, t0+ρ) and multiplying for ρ
−µ, we have
1
ρµ
∫
(0,T )∩(t0−ρ,t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
(M f(y, t))p(y, t)dy


q
p
dt ≤ (4.41)
≤ C
1
ρµ
∫
(0,T )∩(t0−ρ,t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f ♯(y, t)|p dy


q
p
dt (4.42)
then, we obtain

 supt0∈(0,T )
ρ>0
1
ρµ
∫
(0,T )∩(t0−ρ,t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
(M f(y, t))p(y, t)dy


q
p
dt


1
q
≤ (4.43)
≤ C

 supt0∈(0,T )
ρ>0
1
ρµ
∫
(0,T )∩(t0−ρ,t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f ♯(y, t)|p dy


q
p
dt


1
q
(4.44)
and we get the conclusion.
Theorem 4.6. Let 1 < p, q, q1 <∞, 0 < λ, µ1 < n and f ∈ L
q1,µ1(0, T, Lp,λ(IRn)).
Then, for every η ∈]0, (1− λ
n
)1
p
[, there exists a constant C ≥ 0 independent of f such that
‖Mη f‖Lq1,µ1 (0,T,Lq,λ(IRn)) ≤ C ‖f‖Lq1,µ1 (0,T,Lp,λ(IRn)) (4.45)
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where
1
q
=
1
p
−
n η
n − λ
. (4.46)
Proof. Let x ∈ IRn and t0 ∈ (0, T ).
Let us fix 1 < r < p and
ε =
(
1 − λ
n
)
· p
n
− η(
1 − λ
n
)
1
p
. (4.47)
Set t ∈ (0, T ), for a generic ball B of IRn, we have
1
|B|1− η
∫
B
|f(y, t)|dy ≤ (4.48)
≤
(
1
|B|
∫
B
|f(y, t)|rdy
) ε
r
·
(
1
|B|
λ
n
∫
B
|f(y, t)|pdy
) (1−ε)
p
(4.49)
then
1
|B|1− η
∫
B
|f(y, t)|dy ≤ [M(|f |r)]
ε
r (y, t) ·

 sup
x∈IRn
ρ> 0
1
ρλ
∫
B
|f(y, t)|pdy


1−ε
(4.50)
from which it follows
(Mη(f))
p
ε (y, t) ≤ (M(|f |r))
p
r (y, t) · ‖f‖
(1− ε)
ε
·p
Lp,λ(IRn) a. e. y ∈ IR
n, t ∈ (0, T ). (4.51)
Denoting by χ(y) = χBρ(x)(y) we have
∫
IRn
(Mη(f))
p
ε (y, t) · χ(y) dy ≤ ‖f‖
(1− ε)
ε
·p
Lp,λ(IRn)
∫
IRn
(M(|f |r))
p
r (y, t) · χ(y) dy ≤ (4.52)
≤ ‖f‖
(1− ε)
ε
·p
Lp,λ(IRn)
∫
IRn
|f |p (y, t) · (M χ(y)) dy. (4.53)
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Then, we obtain
∫
Bρ(x)
(Mη(f))
p
ε (y, t) dy ≤ C ‖f‖
p
ε
Lp,λ(IRn) · ρ
λ. (4.54)
Let us observe that
p
ε
= q (4.55)
indeed, using (4.46), we have
ε =
n − λ − n η p
n − λ
, (4.56)
dividing by n · p, we deduce exactly (4.47).
Then, we obtain

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
(Mη(f))
q (y, t) dy


1
q
≤ C

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f |p(y, t) dy


1
p
, (4.57)
elevating to q1 integrating both sides in (0, T ) ∩ (t0 − ρ; t0 + ρ) and multiplying for
1
ρµ1
, we have
1
ρµ1
∫
(0,T )∩(t0−ρ;t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
(Mη(f))
p
ε (y, t) dy


q1
q
dt ≤ (4.58)
≤ C
1
ρµ1
∫
(0,T )∩(t0−ρ;t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f |p(y, t) dy


q1
p
dt (4.59)
the last term is less or equal than
C sup
t0∈(0,T )
ρ>0
1
ρµ1
∫
(0,T )∩(t0−ρ;t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f |p(y, t) dy


q1
p
dt. (4.60)
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Finally, we have
sup
t0∈(0,T )
ρ>0
1
ρµ1
∫
(0,T )∩(t0−ρ;t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
(Mηf)
q(y, t) dy


q1
q
dt ≤ (4.61)
≤ C sup
t0∈(0,T )
ρ>0
1
ρµ1
∫
(0,T )∩(t0−ρ;t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f |p(y, t) dy


q1
p
dt. (4.62)
Elevating both sides to 1
q1
, we have
‖Mη f‖Lq1,µ1 (0,T,Lq,λ(IRn)) ≤ C ‖f‖Lq1,µ1 (0,T,Lp,λ(IRn)). (4.63)
4.2 Estimates of singular integral operators and commutators
Let k(x, y) be a variable Caldero´n-Zygmund kernel for a.e. x ∈ IRn+1, f ∈ Lq,µ(0, T, Lp,λ(IRn)) with
1 < p, q < ∞ 0 < λ, µ < n, a ∈ BMO(IRn+1). For ε > 0 let us define the operator Kε and the
commutator Cε[a, f ], as follows
Kεf(x) =
∫
ρ(x−y)>ε
k(x, x− y)f(y)dy (4.64)
Cε[a, f ] = Kε(af)(x)− a(x)Kεf(x) =
∫
ρ(x−y)>ε
k(x, x− y)[a(x)− a(y)]f(y)dy. (4.65)
In the next theorem we prove thatKεf and Cε[a, f ] are, uniformly in ε, bounded from L
q,µ(0, T, Lp,λ(IRn))
into itself. This fact allows us to let ε→ 0 obtaining as limits in Lq,µ(0, T, Lp,λ(IRn)) the following
singular integral and commutator
Kf(x) = P.V.
∫
IRn
k(x, x− y)f(y)dy = lim
ε→0
Kεf(x) (4.66)
C[a, f ](x) = P.V.
∫
IRn
k(x, x− y)[a(x)− a(y)]f(y)dy = lim
ε→0
Cε[a, f ](x) (4.67)
These operators are bounded in the class Lq,µ(0, T, Lp,λ(IRn)).
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Theorem 4.7.Let k(x, y) be a variable Caldero´n-Zygmund kernel, for a.e. x ∈ IRn+1, 1 < p, q <∞,
0 < λ, µ < n and a ∈ VMO(IRn+1).
For any f ∈ Lq,µ(0, T, Lp,λ(IRn)) the singular integrals K f, C[a, f ] ∈ Lq,µ(0, T, Lp,λ(IRn)).
exist as limits in Lq,µ(0, T, Lp,λ(IRn)), for ε → 0, of Kεf and Cε[a, f ], respectively. Then, the
operators K f, C[a, f ] : Lq,µ(0, T, Lp,λ(IRn)) → Lq,µ(0, T, Lp,λ(IRn)) are bounded and satisfy the
following inequalities
‖Kf‖
Lq,µ(0,T,Lp,λ(IRn)) ≤ c‖f‖Lq,µ(0,T,Lp,λ(IRn)) (4.68)
‖C[a, f ]‖
Lq,µ(0,T,Lp,λ(IRn)) ≤ c‖a‖∗‖f‖Lq,µ(0,T,Lp,λ(IRn)) (4.69)
where c = c(n, p, λ, α,K), the dependence on K is through the constant c(β) in Definition 2.6
part 2), for suitable β.
Moreover, for every ǫ > 0 there exists ρ0 > 0 such that, if Br is a ball with radius r such that
0 < r < ρ0, k(x, y) satisfies the above assumptions and f ∈ L
q,µ(0, T, Lp,λ(Br)), we have
‖C[a, f ]‖Lq,µ(0,T,Lp,λ(Br)) ≤ c ǫ ‖f‖Lq,µ(0,T,Lp,λ(Br)) (4.70)
for some constant c independent of f.
Proof. For every t ∈ (0, T ), from the known inequality (see e.g. [5])
sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|(K f)(y, t)|pdy ≤ c sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f(y, t)|p dy, (4.71)
fixing t0 ∈ (0, T ), elevating to
q
p
, integrating in (0, T )∩ (t0 − ρ, t0 + ρ), multiplying for ρ
−µ,we have
1
ρµ
∫
(0,T )∩(t0−ρ,t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|(K f)(y, t)|pdy


q
p
dt ≤ (4.72)
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≤ c
1
ρµ
∫
(0,T )∩(t0−ρ,t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f(y, t)|p dy


q
p
dt (4.73)
then, we have
sup
t0∈(0,T )
ρ>0
1
ρµ
∫
(0,T )∩(t0−ρ,t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|(K f)(y, t)|pdy


q
p
dt ≤ (4.74)
≤ c sup
t0∈(0,T )
ρ>0
1
ρµ
∫
(0,T )∩(t0−ρ,t0+ρ)

 sup
x∈IRn
ρ> 0
1
ρλ
∫
Bρ(x)
|f(y, t)|pdy


q
p
dt (4.75)
elevating to 1
q
, we get the conclusion for K f. Similar is the proof of (4.69), starting from the
inequality
‖C[a, f ]‖
Lp,λ(IRn) ≤ c‖a‖∗‖f‖Lp,λ(IRn) . (4.76)
Finally, using the VMO assumption, if we fix ρ0 such that η(ρ0) < ǫ, we get the conclusion. Let us
remark that the result is also true if we assume a defined only in some ball with ‖a||∗ < ǫ.
5 Applications to Partial Differential Equations
As application of the previous results we obtain a regularity result for strong solutions to the
nondivergence form parabolic equations.
Precisely, let n ≥ 3, QT = Ω
′ × (0, T ) be a cylinder of IRn+1 of base Ω′ ⊂ IRn. In the sequel let
us set x = (x′, t) = (x′1, x2, . . . , x
′
n, t) a generic point in QT , f ∈ L
q,µ(0, T, Lp,λ(Ω′)), 1 < p, q < ∞,
0 < λ, µ < n and
Lu = ut − Σ
n
i,j=1 aij(x
′, t)
∂2 u
∂x′i∂x
′
j
(5.1)
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where
aij(x
′, t) = aji(x
′, t), ∀i, j = 1, . . . , n, a. e. x ∈ QT (5.2)
∃ν > 0 : ν−1|ξ|2 ≤ Σni,j=1 aij(x
′, t) ξiξj ≤ ν|ξ|
2, a. e. in QT , ∀ξ ∈ IR
n (5.3)
aij(x
′, t) ∈ VMO(QT ) ∩ L
∞(QT ), ∀i, j = 1, . . . , n, . (5.4)
Let us consider
Lu(x′, t) = f(x′, t). (5.5)
A strong solution to (5.5) is a function u(x) ∈ Lq,µ(0, T, Lp,λ(Ω′)) with all its weak derivatives Dx′
i
u,
Dx′
i
x′
j
u, i, j = 1, . . . , n and Dtu, satisfying (5.5) , ∀x ∈ QT .
Let us now fix the coefficient x0 = (x
′
0, t0) ∈ QT . and consider the fundamental solution of
L0 = L(x0), is given, for τ > 0, by
Γ(x0; θ) = Γ(x
′
0, t0; ζ, τ) =
(4πτ)
1−n
2√
aij(x0)
exp
(
−
Aij(x0)ζiζj
4 τ
)
(5.6)
that is equals to zero if τ ≤ 0, being Aij(x0) the entries of the inverse matrix {a
ij(x0)}
−1.
The second order derivatives with respect to ζi and ζj, denoted by Γij(x0, t0; ζ, τ), i, j = 1, . . . , n,
and Γij(x; θ), are kernels of mixed homogeneity in the sense that α1 = . . . , αn−1 = 1, αn = 2 (it
follows that α = n+ 1)
Theorem 5.1.Let n ≥ 3, aij ∈ VMO(QT ) ∩ L
∞(QT ), Br ⊂⊂ Ω
′ a ball in IRn
Then, for every u having compact support in Br× (0, T ), solution of Lu = f such that Dx′
i
x′
j
u ∈
Lq,µ(0, T, Lp,λ(Br)) ∀i, j = 1, . . . , n, there exists r0 = r0(n.p, ν, η) such that, if r < r0, then
‖Dx′
i
x′
j
u‖Lq,µ(0,T,Lp,λ(Br)) ≤ C‖Lu‖Lq,µ(0,T,Lp,λ(Br)), i, j = 1, . . . , n (5.7)
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‖ ut‖Lq,µ(0,T,Lp,λ(Br)) ≤ C‖Lu‖Lq,µ(0,T,Lp,λ(Br)), (5.8)
Proof. Let Ct = {v ∈ C
∞
0 (A) : v(x
′, 0) = 0,A = IRn+1 ∩ {t ≥ 0}} and u ∈ Ct. The local
representation formula for the second order spatial derivatives of u (see [2]), is the following
Dx′
i
x′
j
u(x) = lim
ε→0
∫
ρ(x−y)>ε
Γij(x; x− y)Lu(y)dy+
+ lim
ε→0
∫
ρ(x−y)>ε
Γij(x; x− y)Σ
n
h,k=1[a
hk(y)− ahk(x)] ·Dy′
h
y′
k
u(y)dy + L(x)
∫
Σ
νi(y)Γj(x; y)dσ, (5.9)
forall i, j = 1, . . . , n, and for x in the support of u, being νi(y) the i-th component of the unit
outward normal to Σ at y ∈ Σ.
From (4.68) and (4.69) we get the first inequality. Let us now observe that
ut = Lu+ Σ
n
i,j=1 aij(x
′, t)
∂2 u
∂x′i∂x
′
j
(5.10)
and the second inequality (5.8) is proved.
Acknowledgments. This work was conceived when the first author stayed at Mittag-Leffler Institute, in occasion
of the research program ”Homogenization and Random Phenomenon”. She wish to thank this institution for his
hospitality.
References
[1] R. Adams, A note in Riesz potential, Duke Math. J., 42, (1975), 765–778.
[2] M. Bramanti, M. C. Cerutti, W 1,2p Solvability for the Cauchy-Dirichlet Problem for Parabolic Equations
with VMO coefficients, Comm. Partial Differential Equations 18 (1993), no. 9-10, 1735–1763.
[3] L. Caffarelli, Elliptic second order equations, Rend. Sem. Mat. Fis. Milano, 58, (1988), 253–284.
[4] S. Campanato, Sistemi ellittici in forma di divergenza. Regolarita´ all’interno, Quaderni Scuola Normale
Superiore Pisa, (1980).
[5] F. Chiarenza, M. Frasca, Morrey spaces and Hardy-Littlewood maximal functions, Rendiconti di Matem-
atica, (VII) 3-4, (1987), 273–279.
[6] R. C. Coifman, C. Fefferman, Weighted norm inequalities for maximal functions and singular integrals,
Studia Matematica, 51, (1974), 241–250.
[7] R. C. Coifman, R. Rochberg, Another characterization of BMO, Proc. Amre. Math. Soc., 79, (1980),
249–254.
[8] G. Di Fazio, M.A. Ragusa, Commutators and Morrey spaces, Bollettino U.M.I., 7 5-A, (1981), 323–332.
24 Mixed Morrey spaces
[9] E.B. Fabes, N. Rivie´re, Singular integral with mixed homogeneity, Studia Math., 27, (1966), 19–38.
[10] C. Fefferman, E.M. Stein, Some maximal inequalities, Acta Math., 129, (1972), 137–193.
[11] J. Garcia- Cuerva, J. L. Rubio De Francia, Weighted norm inequalities and related topics, North-Holland
Mathematical Studies, 116 , North-Holland, Amsterdam, (1985).
[12] V.S. Guliyev, F. Deringoz, J.J. Hasanov, Boundedness of Fractional Maximal Operator and its Commu-
tators on Generalized OrliczMorrey Spaces, Complex Analysis and Operator Theory, 9 (6) (2014)1249–1267.
[13] V.S. Guliyev, M.N. Omarova, Multilinear singular and fractional integral operators on generalized weighted
morrey spaces , Azerbaijan Journal of Mathematics, 5 (1) (2015), 104–132.
[14] V.S. Guliyev, F. Deringoz, J.J. Hasanov, (Φ,Ψ)−admissible potential operators and their commutators
on vanishing Orlicz-Morrey spaces, Collectanea Mathematica, 67 (1) (2016), 133–153.
[15] F. John, L. Nirenberg, On functions of bounded mean oscillation, Commun. Pure Appl. Math., 14 (1961),
415–426.
[16] A. Kufner, O. John and S. Fucik, Function spaces, Nordhoff International publishing, (1977).
[17] C. B. Morrey Jr., Multiple integrals in the calculus of variations, Springer-Verlag New York, Inc., New
York, (1966).
[18] M.R.V. Murthy, G. Stampacchia and G. Stampacchia, Boundary value problems for some degenerate-
elliptic operators, Annali di Matematica Pura ed Applicata, 4 (80) (1968), 1–222.
[19] J. Peetre, On the theory of Lp,λ spaces, Journal of Functional Analysis, 9 (1969), 71–87.
[20] L.-E. Persson, M.A. Ragusa, N. Samko, P. Wall, Commutators of Hardy operators in vanishing Morrey spaces.
AIP Conference Proceedings, 1493 (2012), pp.859-866.
[21] L. C. Piccinini, Proprieta´ di inclusione e interpolazione tra gli spazi di Morrey e loro generalizzazioni Tesi
di perfezionamento Scuola Normale Superiore Pisa, (1969).
[22] M.A. Ragusa, Local ho¨lder regularity for solutions of elliptic system, Duke Math.J., 113 (2) (2002), 385–397.
[23] M.A. Ragusa, Embeddings for Morrey-Lorentz Spaces, J. of Opt. Theory and Appl., 154 (2) (2012), 491–499.
[24] M.A. Ragusa, A. Tachikawa and H. Takabayashi, Partial regularit of p(x)-harmonic maps, Trans. Amer.
Math. Soc., 365 (6) (2013), 3329-3353.
[25] D. Sarason, On functions of vanishing mean oscillation, Trans. Amer. Math. Soc., 207 (1975), 391–405.
